The main development in this paper is based on the following universal principle (Grubbström, 1985) :
The exergy of a system of objects equals its total inner energy less the inner energy of a single body having the same total extensive properties as those of the system.
The new basic results in this article are obtained from reinterpreting an object in disequilibrium as a system of infinitely many infinitesimal objects with heterogeneous intensive properties. These results are summarised in the single formula (21) in Section 4 below. By "thermodynamic disequilibrium" we thus mean that the object under consideration on a macroscopic level has a heterogeneous distribution of at least one intensive property (such as temperature or pressure). An object in equilibrium has all its intensive properties at constant levels throughout.
We summarise classical developments in Section 2, followed by formulae for the exergy of a set of finite objects in Section 3. Our new considerations are mainly developed in Section 4, in which a finite object in disequilibrium is interpreted as a continuous set of infinitely small objects, each in microscopic equilibrium, but with different intensive properties in the finite perspective. Section 5 offers three simple examples illustrating our findings, and a final section contains a summary and some ideas for further developments. The concept of microscopic equilibrium is elaborated in Section 4.
In our treatment, we make use of two abstract spaces, on the one hand the thermodynamic configuration space erected by one axis for each thermodynamic property considered, on the other, the geometric space in which the object is physically embedded, the latter space erected by axes representing spatial co-ordinates.
2: THE INNER ENERGY FUNCTION AND CLASSICAL EXERGY EXPRESSION
The following Additional notation will be introduced as the need arises.
The inner energy U of a body (object, system, etc.) is often written in the following way
where S, V and N are the extensive properties entropy, volume and mass (molar content) respectively, and T, p and μ the corresponding intensive properties temperature, pressure and chemical potential. This expression is easily generalised to an arbitrary number of extensive and corresponding intensive properties.
A homogeneous function 1 2 ( , ,..., ) ( ) = n f x x x f x of order l, where x is a vector capturing its n arguments, is defined as a function obeying
where k is any positive constant. A linearly homogeneous function is of unit order, l = 1. If
x is the gradient of such a function, we have:
Ever since the days of Josiah Willard Gibbs (1839 Gibbs ( -1903 , (Gibbs, 1876 , it has been recognised that the inner energy function is a linearly homogeneous function of the extensive properties of an object, that is with U (S, V, N) , then the function obeys
for any positive constant k.
Hence, the intensive properties T, p and μ, may be interpreted as together forming the gradient of the inner energy function in thermodynamic configuration space ( )
and
or in a more general form
where x and y are vectors capturing extensive and intensive properties, respectively. Eq. (7) is a generalisation of Gibbs' Fundamental Equation (Gibbs, 1876 .
The classical formula given for the exergy content E of an object has the form (Ford, 1975 , Eriksson et al., 1978 , Wall, 1986 :
where T, p, and μ are the initial intensive properties of the source (object), *, * and * μ T p the constant intensive properties of the environment, and S, V, N the initial extensive properties of the source, or in a more general form
where ( *) ∇U x is a gradient vector holding the constant intensive properties of the environment.
As an example, we may consider an ideal gas, the inner energy of which most often is written
where c is the specific heat capacity (per mole and Kelvin at constant volume), and which obeys the ideal gas law:
where R is the universal gas constant.
The standard formula (10) contains a mixture of intensive (T) and extensive (N) properties. But the inner energy may be written using only extensive properties (Grubbström, 1985 (Grubbström, , 2007 
which is a linearly homogeneous function, where const is a positive undetermined constant. The gradient of U capturing its intensive properties is
from which we identify:
/ .
Making the simple multiplications
const R c e V N , the ideal gas law obtains, and
cNT const e V N U , we have the standard inner energy formula (10). So the inner energy function (12) includes both of these relations.
3: EXERGY FROM A SYSTEM OF FINITE OBJECTS
Even if there is no environment, or if the environment is interpreted as an object with finite extension, the exergy concept may still be defined as the ideal maximum amount of mechanical work that a system of (at least two) objects may generate from the objects interacting (Grubbström, 1985 (Grubbström, , 2007 .
The formula for the exergetic content of m bodies in the system may then be written: 
the right-hand member obtains.
At equilibrium, we have
, for all i, so the exergy formula (15) may conveniently be written:
which contains only initial extensive properties as arguments.
It may be shown that the classical formula for exergy (8) results from making the extensive properties of one of the objects (the "environment") grow beyond all bounds in its extensive properties. It may also be shown that the Second Law of Thermodynamics stating that total entropy does not decrease when allowing two objects to interact, is equivalent to requiring the inner energy function U(x) to be weakly convex in its extensive arguments x, i. e.
, which is easily shown to hold for the function in Eq. (12) (Grubbström, 1985 (Grubbström, , 2007 .
The first contribution to studying an exergetic system without any environment was probably made by Sergei Traustel (1903 (Traustel, 1969) .
4: EXERGY OF AN ISOLATED BODY IN DISEQUILIBRIUM
We now turn to our main purpose of this article, namely that of determining the exergetic content of an isolated body in disequilibrium. Such a body is interpreted as a system of infinitely many cells of zero extension. Using the same reasoning as by Norwegian-American Nobel Laureate Lars Onsager (1903 Onsager ( -1976 , (Onsager, 1931A, 1931B, Yourgrau et al., 1966 , we may consider each of these arbitrarily small cells to be in thermodynamic equilibrium from a microscopic point of view ("microscopic reversibility"). This notion rests on a reasoning established by Onsager concerning the probability of a transition from one energy state to a second state being equal to the probability of a reverse transition (cf. also Tolman, 1938) . Microscopic reversibility applies also when the object under consideration is in macroscopic disequilibrium. As a consequence, the present author applies this to the inner energy function for a body in equilibrium to be a valid description also for a sufficiently minute element of a body in thermodynamic disequilibrium. For a discussion of the term "microscopic reversibility" and the related term "detailed balance", please also see Casimir (1945) and Morrissey (1975) .
Let us first consider the inner energy function of a body in equilibrium U(x). This function is linearly homogeneous. Defining the inner energy (volume) density as
, where V is one of the components belonging to x, this density becomes a homogeneous function of order zero:
Let us further define the vector of densities by / = V ρ x . Setting k=1/V, ignoring temporarily that V is one of the variables, we obtain:
Hence, the inner energy density for a body in equilibrium is the inner energy function with the extensive properties exchanged for their corresponding densities, the density of volume necessarily being unity 1
For the special case of an ideal gas (remembering that 1
, we may illustrate this by:
We introduce spatial co-ordinates contained in the vector ( ) Onsager's hypothesis (Onsager, 1931A, 1931B, Yourgrau et al., 1966 . The initial total extensive properties are thus contained in the vector:
Generalising (16), we thus obtain the exergy content E for the body according to:
That exergy is a non-negative entity is clear from U being a weakly convex function of its extensive arguments. A function U(z), z being a point in the space considered, is defined to be weakly convex if . For a sufficiently large number k (small dV) , the two members of (23) keeping their relation then approach:
With ( )
since U is linearly homogeneous. This ascertains that E in Eq. (21) is non-negative.
5: THREE ILLUSTRATIVE EXAMPLES
We now consider three simple interpretations illuminating the above general formulae for objects in thermodynamic disequilibrium, the first two assuming a one-dimensional "volume" and the third a case in 3D with thermodynamic properties varying along three spatial co-ordinates. A first case is when there is a constant temperature gradient in a solid body, a second when there is a constant pressure gradient in an enclosed ideal gas initially having the same temperature throughout, and the third when initial temperature may vary along one axis, pressure along a second axis, and molar density along a third axis.
Solid body with constant temperature gradient
The one-dimensional solid object is assumed to have a constant temperature gradient and a constant mass density ρ N . Let the temperature be written 
i. e. the inner energy computed for the entire object using the average initial temperature
For an object having only two extensive properties, entropy S and mass N, the inner energy function is (Grubbström, 2007, Eq. 24, p. 710) :
so:
The entropy density is therefore
and hence total initial entropy Ŝ (which is conserved)
where e is the base of the natural logarithm, and where the following primitive function has been used: 
Total initial extensive properties are thus:
The total equilibrium inner energy after maximal work extraction becomes
which shows that the equilibrium temperature final T after maximal work extraction is:
The initial inner energy density is obtained as
so, using (36), the initial total inner energy may be obtained alternatively from:
Subtracting the equilibrium inner energy (after work extraction) from the initial inner energy finally provides us with an expression for the exergy content of the body:
We might compare this equation with the corresponding standard equation for a reversible heat engine using an amount of heat input Q at temperature T and producing work W with T* being the ambient temperature:
where ( )
as heat Q and E as work W, we find the "Carnot factor" expressed by:
So, as expected, final T may be interpreted as the ambient temperature T*, and average T as the input temperature.
If the two initial temperatures approach each other, the exergy of the body should approach zero, which is also shown by setting 
T T T and taking
which makes E in (38) zero and the "Carnot factor" zero.
Defining α from
where we accept that α might be negative, but greater than -1, we find that the "Carnot factor" may be written as ( ) 
and total initial inner energy according to (36):
Temperature, according to (29), will take on the constant value T
for all ξ . Equilibrium total inner energy will then remain at the level
and no mechanical work is possible to extract, i.e. E = 0.
As a final consideration, we examine the equilibrium state if no work would be extracted, i. e. the case when inner energy is conserved and intensive properties are equalised throughout the object. Conservation of inner energy implies ˆˆ* = average cNT cNT , where T* is the equilibrium temperature, which obviously must equal the initial average temperature. Furthermore, from Eq. (28), we obtain the equilibrium entropy S* as ( )
so using (31) the (maximal) increase in entropy becomes:
Ideal gas with constant pressure gradient and constant temperature
As a second illustration, we consider an ideal gas enclosed within a given one-dimensional volume with a constant pressure gradient, but having the same initial temperature throughout, say = T T . Let the pressure be written
where, as before, ξ is the one-dimensional spatial co-ordinate and ξ the spatial extension of the object (the gas), and where H p is the pressure at the high-pressure end, and L p at the lowpressure end.
For an ideal gas, the inner energy function may be written according to (12), which by (19) means that the inner energy density is distributed as:
But for an ideal gas in equilibrium we have = U cNT , so in microscopic equilibrium at the location ξ having the temperature T the inner energy density becomes
so the initial total inner energy will be 
where N is the initial mass (moles), a total extensive property which will be conserved.
Apart from ξ , there are the initial extensive properties entropy Ŝ and mass N . Beginning with the latter, for an ideal gas with = pV NRT , at the co-ordinate ξ in microscopic equilibrium with = T T , we must have
which by (51) shows the initial average pressure
as an argument yielding the initial inner energy for the object as
Concerning total initial entropy the computations are more lengthy. Taking the logarithm of (49) and (50), the entropy density is found to be
So total initial entropy Ŝ (which is conserved) is
where the following primitive function has been used:
Total inner energy at equilibrium after maximal work extraction then becomes:
where, as before, average p is initial average pressure.
According to (21), the exergy of this ideal gas in disequilibrium is therefore:
The final pressure after maximal work extraction will be:
which also shows the intuitive result ≤ final T T.
To complete this example, we examine the situation arising from a case when no work is extracted and the system is moved into equilibrium generating a maximal entropy increase. Then
const e N , where S* is final entropy. From (53), we thus obtain:
Subtracting initial entropy Ŝ , using (55) and (59), yields the entropy increase as:
which may be compared with the similar expression in our first example (47).
If the two extreme pressures initially are equal, = H L p p , one would expect the exergy content to be zero, which is also shown by using
With this final pressure in (58), E becomes zero, quite as expected.
Ideal gas with properties varying in three dimensions
Keeping to an ideal gas, we choose as a third example a spatial three-dimensional case.
Temperature may vary along a first 1 ξ -axis, pressure along a second 2 ξ -axis, and mass density along a third 3 ξ -axis. The spatial extension of the gas is ( )
ξ ξ ξ . Figure 1 offers an illustration. We investigate cases with given temperature, pressure and molar density gradients.
Other cases with an entropy or chemical potential gradient might be of interest to examine, but are not equally accessible for analytical integration. By the ideal gas law (11), if two properties are specified, the third needs to follow suit, which limits the feasible number of cases. The following linear variations are alternatively assumed: , , / 
where subscripts with "H" refer to values at high property ends, and "L" at low property ends.
For an ideal gas we always have 2 3  1 2 3   1  2  3  3  2  1  2  2  3  2  1  , , ,
ξ ξ ξ ξ ξ ξ ρ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ
where, as before,
Case I. Given constant temperature and pressure gradients As a first case we assume a temperature and pressure gradient ( 
which gives ( 
Secondly, the entropy density ρ S is given by taking the logarithm of (19):
where p and T have given distributions in space. So, after lengthy calculations, total initial entropy Ŝ is obtained as: 
Inserting Ŝ , N and
into the inner energy function (12) gives us the inner energy after work extraction: relied heavily on the validity of Gibbs' Fundamental Equation, stating that the inner energy function is linearly homogeneous in its extensive variables, and on the notion of Onsager assuming that an infinitely small portion of an object may be considered to be in microscopic thermodynamic equilibrium.
Two one-dimensional examples and one three-dimensional example were provided in Section 5, on the one hand, a solid object with an initial constant temperature gradient, on the second, an ideal gas with a constant pressure gradient but having a homogeneous temperature distribution. In the third example, an ideal gas was considered with intensive properties varying along three axes. As side results from these examples, formulae have been provided for final state temperatures and pressures in the examples as well as comparisons with an alternative transition to equilibrium without work extraction.
Of course the results obtained are theoretical, and neither explain how the mechanical work is to be extracted nor what losses are expected. For instance, in the first example one could imagine a heat engine taking heat from a hot point and delivering it to a cold point, the difference in flows being the work output. But the hot and cold spots would probably all the time be moving in a complicated way. And one would also expect a simultaneous internal transfer of heat within the body due to conduction, necessarily destroying exergy. But exergy is the upper bound of work extracted, and although it is unattainable in practice, this measure still has a concrete physical meaning.
In future research there could be several avenues of approach opening themselves up for investigation. A first question might be to study a body in disequilibrium, when surrounded by an environment with constant intensive properties, and how the exergy formulae then are affected. But the real challenge would be met when combining disequilibrium exergetics with empirical laws like Fourier's Law, Hartley-Fick's Law, Ohm's law, etc., by which the fluxes, at least as a first approximation, are proportional to corresponding thermodynamic gradients with densities of extensive properties as arguments. Then extreme generalisations of finite time thermodynamics of the Curzon-Ahlborn type (Curzon & Ahlborn, 1975) might not be far off to reach.
